We prove that global hyperbolicity is stable in the interval topology on the spacetime metrics. We also prove that every globally hyperbolic spacetime admits a Cauchy hypersurface which remains Cauchy under small perturbations of the spacetime metric. Moreover, we prove that if the spacetime admits a complete timelike Killing field, then the light cones can be widened preserving both global hyperbolicity and the Killing property of the field.
Introduction
This work is devoted to the proof of the stability of the globally hyperbolic property of spacetimes, where the word stability refers to a particular topology on the space of spacetime metrics. We stress that we are not going to consider the problem of stability of a property under evolution, indeed in this work we do not impose any evolution equation, such as Einstein's equations, on the spacetime. All the results of this work will concern instead the stability of a property of spacetime where the latter is regarded as a whole.
Of course the interest of physicists for global hyperbolicity comes from the fact that this property assures the predictability of the spacetime evolution from initial data on a spacelike hypersurface. It is a property which allows one to regard the spacetime geometrodynamics as deterministic, in analogy with other field theories. Its stability, in any considered form, is therefore particularly welcomed as it shows that it could be realized in nature. As mentioned, we shall consider only the problem of stability with respect to spacetime metric perturbations rather than Cauchy data perturbations.
In a sense this last problem, at least for global hyperbolicity, makes less sense because, according to the Choquet-Bruhat-Geroch theorem, for every vacuum initial data (given by a Riemannian space and an extrinsic curvature tensor field (S, h, K)), there exists a unique, up to isometric diffeomorphism, vacuum development (M, g), which is globally hyperbolic and inextendible in the class of globally hyperbolic Lorentzian manifolds [8] . Thus, perturbing the initial conditions would still lead, after evolution, to a globally hyperbolic spacetime which is still inextendible in the class of globally hyperbolic spacetimes. In this evolutionary sense global hyperbolicity is trivially stable. Of course, if one pairs global hyperbolicity with the inextendibility property (not restricting to the globally hyperbolic class) one obtains a stability problem which is known as Strong Cosmic Censorship Problem [19, 20, 16] .
Coming to our framework, the topology on (conformal classes of) spacetime metrics to which we shall refer to is Geroch's interval topology [5] . In this topology an open set is obtained by giving, continuously and for each spacetime point, two light cones one inside the other and by considering all the metrics whose light cones respect those bounds (see next section). If a metric stays in the open set then perturbing its coefficients in a coordinate chart would keep the metric inside the open set, provided the perturbation is sufficiently small, because the light cone on the tangent space depends continuously on the metric coefficients (indeed the C 0 topology on metrics passes to the quotient of conformal classes to Geroch's interval topology [11] ).
Actually, Geroch's interval topology is one of the coarsest topologies that can be given on the space of (conformal classes of) metrics [11] and hence the stability in this topology is particularly strong. There is only one other important topology that has been used in the literature and which is coarser than Geroch's interval topology: the compact-open topology [8, Sect. 6.4,7.6] [7] . In this topology a base open set of the topology is obtained as above but the metric light cones are bounded only inside a compact set of spacetime. Nevertheless, it is obvious that a property such as global hyperbolicity cannot be stable in this topology indeed, already for Minkowski 3 + 1 spacetime, no matter how large a compact set C is, and how much we constraint the metric inside the compact set, it is possible to open the cones sufficiently far from C so as to produce closed causal curves and hence spoil global hyperbolicity.
An argument of proof was produced by Geroch [5] , but, as we shall explain in detail in Sect. 3, that argument does not really work without introducing some non trivial amendments. Perhaps for this reason, this result is not included in any textbook devoted to mathematical relativity.
In the next section we give a direct and strictly topological proof of the stability of global hyperbolicity which, contrary to Geroch's argument [5] , does not use the concept of Cauchy hypersurface or the topological splitting. As a corollary of this result we obtain that every globally hyperbolic spacetime admits a Cauchy hypersurface that remains Cauchy for small perturbations of the spacetime metric (remark 2.9).
We also prove that if the spacetime admits a complete timelike Killing field, then it is possible to enlarge the light cones while keeping global hyperbolicity and stationarity in such a way that the timelike Killing field is left unchanged.
We refer the reader to [15] for most of the conventions used in this work. In particular, we denote with (M, g) a C r spacetime (connected, Hausdorff, time-oriented Lorentzian and hence paracompact manifold), r ∈ 3, . . . , ∞ of arbitrary dimension n ≥ 2 and signature (−, +, . . . , +). On M × M the usual product topology is defined. The subset symbol ⊂ is reflexive, thus X ⊂ X. We use the dot to denote the boundary of a set, e.g.Ẋ. With J + g we specify the causal relation referring to metric g. With x < y we mean that there is a future directed causal curve joining x and y and we write x ≤ y (also denoted (x, y) ∈ J + ) if x < y or x = y. Given two metrics g, g ′ we write g < g ′ if, for every p ∈ M , the causal cone of g in T M p is contained in the timelike cone of g ′ , and we write g ≤ g ′ if for every p ∈ M , the causal cone of g in T M p is contained in the causal cone of g ′ .
The proof
Let us recall that a spacetime is non-total imprisoning if no inextendible causal curve is entirely contained in a compact set. A globally hyperbolic spacetime (M, g) is a causal spacetime such that for every p, [4, 15] . A spacetime is globally hyperbolic if and only if it admits a Cauchy hypersurface, namely a (closed) acausal set intersected by any inextendible causal curve [8, 18] . A useful alternative definition is [13] : a spacetime is globally hyperbolic if it is non-total imprisoning and for every p, q ∈ M , J + (p) ∩ J − (q) has compact closure. A stably causal spacetime (M, g) is a spacetime for which there is a metric g ′ > g such that (M, g ′ ) is causal. Global hyperbolicity implies stable causality which implies non-total imprisonment [8, 15] . The intervals (g, g) = {g : g < g < g} form a base for Geroch's interval topology on the space of conformal classes Con(M ) (i.e. equivalence classes of metrics which are identical up to a positive conformal factor). This topology is equivalent to that induced from Whitney's fine C 0 topology on the space of metrics Lor(M ) (see [11] ). In general, a conformally invariant property P of (M, g) is said to be stable in the interval topology if there is an interval (g, g) ∋ g of metrics that share it. Since no mention is made of the differentiability of the metrics contained the intervals this topology is quite coarse and the stability with respect to it is a strong for of stability.
Some properties are inherited by spacetimes obtained by narrowing the light cones, that is: if (M, g) satisfies P and g ′′ < g then (M, g ′′ ) satisfies P (see [12, Sect. 2] ). One such such property is global hyperbolicity as it is evident from the second definition given above. In this case in order to prove the stability of the property we need only to show that there is g ′ > g which satisfies the property. In particular, we shall look for a continuous g ′ . Of course, given a continuous g ′ > g which does the job it is not difficult to find another metric in the interval (g, g ′ ) with the same degree of differentiability of g. Ultimately, this is the reason why, in all the considerations of stability, the differentiability of the metrics will play no significative role.
The next result is well known, we include the proof for the sake of completeness.
Lemma 2.1. Let (M, g) be a causal spacetime, then it is globally hyperbolic if and only if for every compact set K, J
Proof. One direction is trivial. For the other direction we have to prove that J + (K)∩J − (K) is compact. Let us consider an arbitrary sequence p n ∈ J + (K)∩ J − (K), then there are two sequences r n , q n ∈ K such that r n ≤ p n ≤ q n . As a first step let us show that p n is contained in a compact set, which implies that
If not we could pass to a subsequence denoted in the same way such that p n → +∞ (i.e. escapes every compact set) while r n → r, q n → q for some r, q ∈ K. But then, taking r ′ ≪ r and q ′ ≫ q, we have since I + is open and
which is compact, a contradiction. We have therefore shown that there is p ∈ M such that p n → p and it remains to prove that p ∈ J + (K) ∩ J − (K). Again passing to a subsequence if necessary we can assume r n → r and q n → q for some r, q ∈ K. Since J + is closed (because global hyperbolicity implies causal simplicity) we conclude r ≤ p ≤ q and hence the thesis.
The next lemma is [12, Lemma 3.2].
Lemma 2.3. In a globally hyperbolic spacetime (M, g), if C is a compact set and
Proof. Let us prove as a first step that
The inclusion ⊂ is obvious. For the other inclusion let us prove that for everŷ g, g <ĝ <g,
, the first step will follow from the arbitrariness ofĝ. Indeed, let q ∈ g<g ′ <g J + g ′ (C) and takeǧ, g <ǧ <g, such thatǧ <ĝ. Since q ∈ J + g (C) there is a sequence q n ∈ J + g (C) such that q n → q. Thus there are p n ∈ C such that (p n , q n ) ∈ J + g , and since C is compact we can assume without loss of generality that p n → p ∈ C. We conclude that (p, q) ∈ J + g . By lemma 2.2 we have J
, which completes the first step.
It remains to prove [21, 12] . Here the last equality follows from the fact that we are taking the intersection of a family of compact sets which satisfies the finite intersection property (the finite intersection property follows from the fact that given a finite family of metrics > g there is one with the same property and cones narrower than any element of the family). In a globally hyperbolic spacetime J + S = J + (this result follows from [9, Theorem 2.1], or one can use the stronger results [14] that in a stably causal spacetime J + S is the smallest closed and transitive relation that contains J + and hence coincides with J + in globally hyperbolic spacetimes.
See also the appendix.). Thus J − S (q) = J − (q) from which q ∈ J + (C) and the thesis follows. Lemma 2.4. A globally hyperbolic spacetime (M, g) admits a sequence of compact sets K n with the properties (actually (i) follows from (ii))
Proof. Since M is a second-countable manifold it admits a complete Riemannian metric h [17] . Chosen a point w ∈ M the closed balls B(w, r) of h-radius r ≥ 0 are compact by the Hopf-Rinow theorem. Since the Riemannian distance is continuous it reaches a maximum over a compact set, thus any compact set C is contained in some ball B(w, r) for sufficiently large r. Let K 0 = {w} and r 0 = 1 and define inductively K n+1 = J + (B(w, r n )) ∩ J − (B(w, r n )) and r n+1 to be larger than r n + 1 and such that K n+1 ⊂ IntB(w, r n+1 ). Clearly for
For n = 0 the last equality follows by causality using K 0 = {w}. Thus for n ≥ 0, 
, where we have used the closure of J + in a globally hyperbolic spacetime. By causality J
Proof. By the properties satisfied by the set K n and by lemma 2.3 we have
If the compact sets on the right-hand side were non-empty they would satisfy the finite intersection property, and thus also the intersection would be nonempty. The contradiction proves that there is a metric g
This equation implies that no g ′ n+1 -causal curve from K n+1 can reachK n+2 and end at K n+1 otherwise there would be some point in J
to be in the interval (g, g ′ n+1 ) and using lemma 2.2 one obtains J
Theorem 2.6. Global hyperbolicity is stable in the interval topology.
Proof. We have to prove that on the globally hyperbolic spacetime (M, g) there is some g ′ > g such that (M, g ′ ) is globally hyperbolic. In the globally hyperbolic spacetime (M, g) there is a sequence of compact sets K n as in lemma 2.4 and a sequence of metrics g n > g, such that g n+1 ≤ g n and J
Indeed, condition (iv) in lemma 2.4 allows us to define inductively the sequence g n thanks to lemma 2.5. We then define g
The fact that g n+1 = g n on K n proves that g ′ is continuous. Furthermore, since for every i, g i+1 ≤ g i , we have g ′ ≤ g i for every i. The fact that g ′ ≤ g 0 proves that (M, g ′ ) is stably causal (see lemma 2.4 point (iv)) and hence non-total imprisoning. In particular, J
, thus for every pair p, q ∈ M there is some K n which contains p and q thus the set J
A time function t : M → R is a continuous function such that x < y ⇒ t(x) < t(y). A Cauchy hypersurface S is a closed acausal set which is intersected by any inextendible causal curve. Global hyperbolicity is equivalent to the existence of a Cauchy hypersurface [8] .
We recall Geroch's topological splitting of globally hyperbolic spacetimes [5] [8, Prop. 6.6.8] which we state in a slightly more detailed form (see remark 2.8).
Theorem 2.7. Let (M, g) be globally hyperbolic then there is a smooth manifold S, a smooth projection π : M → S, a time function t : M → R, such that φ := (t × π) : M → R × S is a homeomorphism with the property that each hypersurface S a = φ −1 ({a} × S) is C 1− and Cauchy, and the fibers π −1 (s), s ∈ S, are (C 1 ) timelike curves. Furthermore, given a smooth timelike vector field v, the fibers π −1 (s) can be chosen to be the integral lines of this field.
Remark 2.8. The last statement, the fact that the projection π is actually smooth in Geroch's splitting, and the fact that S is a smooth manifold are not so often noted. It suffices to multiply the smooth timelike vector field v by a smooth spacetime function which makes it complete. The fact that the quotient manifold is a smooth manifold and that π is smooth is then a standard result from manifold theory [10, Theor. 9.16] as the integral lines of this field do not pass arbitrarily close to themselves (because strong causality holds). We shall need this fact only in the stationary case where it has been already used, for instance in [6] . Finally, we remark that one could use also the fact that π induces a homeomorphism from S a to S in order to define a smooth structure on S a . However, it would not be natural, as the inclusion of S a (endowed with this smooth structure) in M may be non-smooth.
Remark 2.9. Thanks to theorem 2.6 this result can be strengthened so that the hypersurfaces S a are strictly acausal (namely there is g ′ > g such that S a are acausal in (M, g ′ )). In order to see this it suffices to apply the previous theorem to (M, g ′ ) where g ′ > g is such that (M, g ′ ) is globally hyperbolic. Then, since every Cauchy hypersurface for (M, g ′ ) is a Cauchy hypersurface for (M, g), one gets easily the thesis. This observation is important as the possibility of finding a strictly acausal Cauchy hypersurface in a globally hyperbolic spacetime has been one of the main difficulties behind the Cauchy hypersurface smoothability problem [2] which essentially asks to prove that, not only the projection π : M → S, but also t : M → R can be found smooth.
Stationary and static spacetimes
Let (M, g) be a spacetime admitting a timelike Killing vector field k. We recall that the timelike Killing field k is twist-free if, defined the 1-form η = g(·, k), we have dη ∧ η = 0. This Frobenius condition is equivalent to the vanishing of the vorticity tensor w ab = h The next result shows that in a globally hyperbolic spacetime it is possible to widen the light cones preserving both global hyperbolicity and stationarity (or staticity). Theorem 2.10. Let (M, g) be a globally hyperbolic spacetime admitting a complete timelike Killing vector field k. There is a smooth function α : M → R,
is globally hyperbolic. In particular k is timelike and Killing also for (M, g ′ ). Finally, if k is also twist-free (hypersurface orthogonality, staticity) then g ′ is such that the property is preserved in (M, g ′ ).
Proof. Letg > g be such that (M,g) is globally hyperbolic and let us consider Geroch's splitting of the spacetime (M,g) as given in theorem 2.7, φ = (t × π) : M → R × S, where π : M → S is the smooth projection on a smooth quotient manifold such that the fibers are the integral lines of k. The Killing field is indeed smooth, that is, it reaches the largest differentiability degree allowed by the differentiability properties of the spacetime manifold and the metric, because for a Killing field: k β;α;µ = −R µναβ k ν . Let K n be a sequence of compact sets on S such that K n ⊂ IntK n+1 and S = ∪ n K n . Let ϕ r be the one-parameter group of diffeomorphisms generated by k, and let A = {x ∈ M : x = ϕ r (s 0 ), s 0 ∈ S 0 , |r| < 1} where S 0 is the Cauchy hypersurface t = 0 in Geroch's splitting. In other words A is the open set between ϕ −1 (S 0 ) and ϕ 1 (S 0 ). We remark that these latter hypersurfaces need not be Cauchy forg. The sets C n = A ∩ π −1 (K n ) are compact sets, indeed C n is a closed set contained in φ −1 ([−j, j] × K j ) for sufficiently large j, and φ = (t × π) is a homeomorphism (more in detail: for each s 0 ∈ π −1 (K n ) ∩ S 0 the segment of orbit ϕ r (s 0 ), |r| ≤ 1, is compact because of the completeness of k and thus the function t reaches a maximum and a minimum on it that depend continuously on s 0 , then one uses compactness of π
. By compactness and continuity for each n ≥ 1 there is some k(n) such that g 1/k(n) <g on C n and we can choose k(n) to be an increasing function. Letα : S → (0, +∞) be a smooth function such that α < 1/k(n) in K n \IntK n−1 .
Let us define α = π * α , so that α : M → (0, +∞) is smooth and satisfies
In particular the spacetime A with the metric induced from g ′ is globally hyperbolic with Cauchy hypersurface S 0 . Now we are going to prove that any past inextendible timelike curve γ in (M, g ′ ) with a point p in the region t > 0 must actually intersect t = 0 which, together with the dual statement will provide a proof that S 0 is a Cauchy hypersurface for (M, g ′ ). Indeed, let A r = ϕ r (A), so that A r is made by the hypersurfaces ϕ r ′ (S 0 ), for r − 1 < r ′ < r + 1, then each (A r , g ′ | Ar ) is globally hyperbolic (simply because it is isometric with A) with Cauchy hypersurface ϕ r (S 0 ) (again by isometry). Let τ > 0 be such that p = ϕ τ (s 0 ), with s 0 ∈ S 0 , then we can find a finite increasing sequence r i ≥ 0, i = 0, 1, . . . m, r 0 = 0, r m = τ such that r k+1 < r k + 1. Let us consider A rm−1 . By construction p belongs to A rm−1 and stays in the chronological future of ϕ rm−1 (S 0 ) thus γ intersects ϕ rm−1 (S 0 ) in a point which we denote p m−1 . Again by construction ϕ rm−1 (S 0 ) ⊂ A rm−2 thus γ intersects a point p m−2 ∈ ϕ rm−2 (S 0 ). Continuing in this way we conclude, after a finite number of steps, that γ intersects S 0 which proves that (M, g ′ ) is globally hyperbolic.
coincides with the kernel of the 1-form g(·, k). The local integrability of this kernel is the twist-free condition, hence the thesis.
Criticism of Geroch's argument
In its influential paper [5] "Domains of dependence" after introducing the concept of domain of dependence and global hyperbolicity, Geroch devoted a section to the proof of the stability of global hyperbolicity. In this section we shortly review Geroch's argument clarifying why and where it needs an amendment.
We start recalling Geroch's construction of the time function in his topological splitting theorem [15, Sect. 3.7] [8]. Let (M, g) be globally hyperbolic. The first step is the introduction of a suitable finite volume measure on spacetime (the measure m of a complete Riemannian metric h on M would work provided it is conformally rescaled to make m(M ) = 1). The functions on M defined by t − (p) = m(I − (p)) and t + = −m(I + (p)) can be proved to be time functions. The former goes to zero following any past inextendible curve, while the latter goes to zero following any future inextendible curve. The time t appearing in Geroch's topological splitting theorem is t(p) = ln(−t − (p)/t + (p)) and is surjective on R. Geroch proves that every surface S a = t −1 (a) is a Cauchy hypersurface [8, Prop. 6.6.8] and in order to prove the stability of global hyperbolicity he splits the problem in two parts focusing first in the spacetime region D + (S 0 ) and then in D − (S 0 ). His idea is to show that it is possible to widen the cones preserving the Cauchy property of S 0 on past inextendible curves in D + (S 0 ). To do this he regards D + (S 0 ) has a countable union of compact sets K n , constructed as cups, whose explicit form is K n = I − (B n ) ∩ I + (S 0 ) where the hypersurface B n is defined by B n = {p ∈ M : 1/n = m(I + (p)) ≤ m(I − (p))}. He then proves that for each n there is some g n > g such that J
namely he proves that the compacts K n are stably causally convex. Ultimately, it is the attempt at proving this particularly strong result that causes most problems in Geroch's strategy (in our proof we needed only the weaker result J
. From this point the proof is not very detailed but it seems that Geroch has in mind a gluing procedure similar to the one that can be found in our proof. The timelike geodesic γ 1 maximizes the Lorentzian distance between S − ln 2 and p while the timelike geodesic γ 2 maximizes the Lorentzian distance between p and S 0 . The set A in Geroch's argument is perpendicular to γ 1 at p and intersects Σ in more than one point.
The problem with his argument is that in order to prove the strong result J + gn (K n )∩J − gn (K n ) = K n he has to assume that S 0 and B n are strictly spacelike, namely locally strictly acausal (for each p ∈ S 0 there is an open set O ∋ p, such that S ∩ O is acausal in (O, g| O ) ). He thus follows a path that inverts the logical development of our proofs in which our remark 2.9 follows the main theorem 2.6 on stability. The reader may convince herself that the assumption that the Cauchy hypersurfaces are strictly spacelike is particulary strong, in fact as much as the original result on stability that one wishes to prove. Indeed, Geroch feels the need of giving an argument which would allow one to replace the hypersurfaces S 0 and B n with strictly spacelike ones.
This argument is rather involved and in our opinion does not work. We sketch how, according to Geroch, one would have to replace S 0 . He suggests to consider S − ln 2 and S 0 and to replace S 0 with the hypersurface which is equidistant from those according to the Lorentzian distance (which in a globally hyperbolic spacetime is continuous [1, 13] 
His proof that Σ is strictly spacelike goes as follows. He takes p ∈ Σ\{S 0 ∪ S − ln 2 } and considers the maximal (proper length) timelike geodesic γ connecting S − ln 2 to p, i.e. l(γ) = d(S − ln 2 , p). Then he takes a normal neighborhood O ∋ p and a point q ∈ γ ∩ O, so that q ≤ p and d(q, p) = ǫ > 0. The set A = {r : d(q, p) = ǫ} contains p and by the reverse triangle inequality for every r ∈ A, d(S − ln 2 , r) ≥ l(γ). From this fact Geroch claims that it follows that Σ is strictly spacelike. It seems that Geroch is assuming that A intersects Σ only at p while this is not the case because Σ is not the locus of points at distance l(γ) from S − ln 2 . As p runs over Σ the length of the maximal geodesic varies. Of course, if A were entirely on the same side of Σ then it would be possible to open the cone at p, but this is not the case as figure 1 shows. Furthermore, in order to prove the strict spacelikeness of the hypersurface one would have to prove that the cones can be opened in a whole neighborhood of p, which could also be troublesome as γ might not vary continuously with p.
Geroch's way of replacing the hypersurfaces could be amended by using the smoothability results contained in [2, 3] . One would have to make this replacement for all the Cauchy hypersurfaces appearing in Geroch's proof showing that this step does not really affect the argument. Of course the proof would be no more self contained and would lose simplicity. Our proof is instead more topological and does not even use the notion of time function not to mention the topological splitting of globally hyperbolic spacetimes.
Conclusions
We have given a topological proof of the stability of global hyperbolicity in Geroch's interval topology. This result implies that every spacetime admits a Cauchy hypersurface which remains Cauchy for small perturbations of the spacetime metric. Moreover, we have proved that the cones can be enlarged preserving not only global hyperbolicity but also the presence of a complete timelike Killing field, being it twist-free or not.
In our opinion the stability of global hyperbolicity might prove to be important for the investigation of the stability of geodesic singularities and singularity theorems, [11] while its role for predictability issues connected with the cosmic censorship problem [20] seems less clear.
At the mathematical level it seems worthwhile to investigate the analogous problem of the stability of causal simplicity. This problem is harder because the property is not preserved by narrowing the light cones, although, examples seem to suggest that causal simplicity is indeed stable in the interval topology.
since it is easy to establish that S 1/3 and S 2/3 are Cauchy hypersurfaces for the spacetime I + (x), and there is always a smooth spacelike hypersurface between two Cauchy hypersurfaces, one in the future of the other [2, Prop. 14]. We shall however give a self contained proof.
For every point q ∈ S 2/3 let p(q) be the intersection between a (make any choice) maximal geodesic σ connecting x to q and S 1/3 . By the reverse triangle inequality this segment from x to p is also maximal and since p ∈ S 1/3 , it has length d(x, y)/3, thus the remaining part of the segment, connecting p to q has length d(x, y)/3. For ǫ, 0 < ǫ < d(x, y)/3 sufficiently small we can find a point r(q) ∈ σ at a distance ǫ from q so that r is included in a relatively compact convex neighborhood C q of q.
Moreover, keeping C q , there must be an even smaller ǫ such that (r is at distance ǫ from q) J + (r)∩J − (S 2/3 ) ⊂ C q . Indeed if for every ǫ > 0 there is some s(ǫ) ∈ J + (r) ∩ J − (S 2/3 ) ∩ M \C q then connecting r(ǫ) to s(ǫ) with a maximal geodesic, using the closure of J + in a globally hyperbolic spacetime and taking the limit ǫ → 0 (which implies r(q) → q) we could find a points ∈Ċ q ∩J − (S 2/3 ) in the causal future of q which is a contradiction with the acausality of S 2/3 . By the global hyperbolicity of (M, g) as S 2/3 ∩ C q is compact J + (r) ∩ J − (S 2/3 ) ⊂ J + (r) ∩ J − (S 2/3 ∩ C q and hence J + (r) ∩ J − (S 2/3 ) is compact. Thus for sufficiently small ǫ the set S 2/3 ∩ I + (r) is non-empty, as it contains q, and open relatively compact in the topology of S 2/3 ∩ C q and furthermore J + (r) ∩ J − (S 2/3 ) is a compact set contained in C q . In particular A(q) = {w : d(r(q), w) = ǫ/2} ∩ I − (S 2/3 ) ⊂ C q is differentiable with spacelike tangent by a property of the distance in a convex set (Gauss lemma [8, Lemma 4.5.2] ). The open sets O(q) = {w : d(r(q), w) > d(r(q), q)/2} ∩ S 2/3 cover S 2/3 . Since S is σ-compact we can pass to a locally finite countable covering O(q i ).
(*) The setS = ∂I + ( i A(q i )) is a gluing of the hypersurfaces A(q i ). In the convex set C qi the cones can be opened keeping A(q i ) spacelike and since locally only a finite number of C q intersect, the same is true forS. (It must be noted that by gluing the sets A(q i ) instead of summing the associated distance functions from r i we don't have to deal with some subtleties related to the fact that the squared Lorentzian distance is not C 1 where it vanishes.) (**) Alternatively, instead of using route (*) we can define the function h i (z) = [d(r i , z)/d(r i , q i )]
4 if z ∈ J − (S 2/3 ) (which implies z ∈ C qi or h i (z) = 0) and h i (z) = +∞ if z ∈ I + (S 2/3 ). The function h i is a C 1 time function wherever it is finite and furthermore it has a timelike gradient wherever it is different from zero (it is sometimes said that d 2 is C 1 but this is false at the points where the Lorentzian distance vanishes). In order to check that h i is 
